We investigate the effects of pairing fluctuations in fermionic superfluids/superconductors where pairing occurs among three species (colors) of fermions. Such color superfluids/superconductors can be realized in threecomponent atomic Fermi gases and in dense quark matter. The superfluidity/superconductivity is characterized by a three-component order parameter which denotes the pairing among the three colors of fermions. Because of the SU(3) symmetry of the Hamiltonian, one color does not participate in pairing. This branch of fermionic excitation is gapless in the naive BCS mean-field description. In this paper, we adopt a pairing fluctuation theory to investigate the pairing fluctuation effects on the unpaired color in strongly coupled atomic color superfluids and quark color superconductors. At low temperature, a large pairing gap of the paired colors suppresses the pairing fluctuation effects for the unpaired color, and the spectral density of the unpaired color shows a single Fermiliquid peak, which indicates the naive mean-field picture remains valid. As the temperature is increased, the spectral density of the unpaired color generally exhibits a three-peak structure: The Fermi-liquid peak remains but gets suppressed, and two pseudogaplike peaks appears. At and above the superfluid transition temperature, the Fermi-liquid peak disappears completely and all three colors exhibit pseudogaplike spectral density. The coexistence of Fermi liquid and pseudogap behavior is generic for both atomic color superfluids and quark color superconductors.
I. INTRODUCTION
Color superconductivity in dense quark matter, in general, appears due to the attractive interactions in certain diquark channels [1] [2] [3] . Taking into account only the screened (color) electric interaction which is weakened at the Debye mass scale gµ (g is the QCD coupling constant and µ is the quark chemical potential), the early studies [1] predicted a rather small pairing gap ∆ ∼ 1MeV for moderate density where µ ∼ Λ QCD (Λ QCD ∼ 300MeV is the QCD energy scale). The breakthrough in this field of research was made in [2] where it was observed that the pairing gap is about 2 orders of magnitude larger than the previous prediction using the instantoninduced interactions and the phenomenological four-fermion interactions. On the other hand, it was first pointed out by Son that at asymptotic high densities, the unscreened magnetic interaction dominates [4] . This leads to a non-BCS gap ∆ ∼ µg −5 exp (−c/g) [5] where c = 3π 2 / √ 2, which matches the large magnitude of ∆ at moderate density predicted by the instanton-induced interactions and the phenomenological four-fermion interactions.
Such gaps at moderate density are so large that they may fall outside of the applicability range of the usual BCS-like mean-field theory. It was estimated that the size of the Cooper pairs or the superconducting coherence length ξ c becomes comparable to the averaged interquark distance d [6] at moderate density where µ ∼ Λ QCD . This feature is highly contrasted to the standard BCS superconductivity in metals where * Email address: lianyi@th.physik.uni-frankfurt.de ξ c ≫ d. Qualitatively, we can examine the ratio of the superconducting transition temperature T c to the Fermi energy E F , κ = T c /E F [7] . We have κ ∼ 10 −5 for ordinary BCS superconductors and κ ∼ 10 −2 for high temperature superconductors. For quark matter at moderate density, taking E F ≃ 400MeV and T c ≃ 50MeV [8] , we find that κ is even higher, κ ∼ 10 −1 , which is close to that for the resonant superfluidity in strongly interacting atomic Fermi gases [7] . This indicates that the color superconducting quark matter at moderate density is in the strongly coupled region or the BCS-Bose-Einstein condensation (BCS-BEC) crossover [9] [10] [11] . It is known that the pairing fluctuation effects play important role in the BCS-BEC crossover [12] . The effects of the pairing fluctuations on the quark spectral properties including possible pseudogap formation in heated quark matter (above the color superconducting transition temperature) were first elucidated by Kitazawa, Koide, Kunihiro, and Nemoto [13] . One purpose of this paper is to extend these works to the superfluid/superconducting phase, namely, below the critical temperature.
Many efforts have been made in understanding the singleparticle properties and equations of state in the strongly interacting region of the s-wave Fermi superfluids [14, 15] where pairing occurs between two components of fermions. Satisfactory agreement with the experimental data from trapped fermionic atoms has been achieved [16, 17] . Recently, the single-particle spectral density in the strongly interacting region has been measured in cold atom experiments. It was found that a pseudogap phase appears above the critical temperature [18] [19] [20] , where the system retains some of the characteristics of the superfluid phase such as a BCS-like dispersion and a partially gapped density of states but does not exhibit superfluidity. The pseudogap behavior of the singleparticle excitations was also found by quantum Monte Carlo calculations [21] . The agreement between the theoretical predictions and the experimental data in the equations of state and the single-particle spectral functions indicates that the pairing fluctuation effect is significant in the strongly interacting region, which defies the conventional BCS-like mean-field theory.
In this paper, we investigate the pairing fluctuation effects in the systems where pairing occurs among three species (colors) of fermions, in contrast to the ordinary BCS-BEC crossover problem where pairing occurs between two fermion components. Such color superfluidity/superconductivity can be realized in three-component atomic Fermi gases [22] and twoflavor dense quark matter which appears around µ ∼ 400MeV in the quark matter phase diagram [23] .
The color superfluidity/superconductivity is generally characterized by a three-component order parameter ∆ = (∆ 1 , ∆ 2 , ∆ 3 ), where ∆ 1 ∼ ψ r ψ g , ∆ 2 ∼ ψ g ψ b , and ∆ 3 ∼ ψ r ψ b . Here we use red (r), green (g), and blue (b) to denote the three fermion species. In QCD, they are the color degrees of freedom for quarks. If the Hamiltonian of the system has an SU(3) color symmetry, the nonvanishing order parameter breaks the SU(3) symmetry group down to a subgroup SU (2) . However, due to the SU(3) symmetry of the Hamiltonian, the effective potential V(∆) should depend only on the combination
Therefore, we can choose a specific gauge for the three-component order parameter, such as ∆ = (∆, 0, 0) without loss of generality. This simple argument shows that there exists a branch of fermion which does not participate in the pairing. For the gauge ∆ = (∆, 0, 0), only the red and green fermions participate in the pairing, while the blue fermions do not. A schematic plot of this pairing pattern is shown in Fig. 1 . In the naive BCS-like mean-field description, the unpaired blue fermions possess a free energy dispersion and are gapless. However, we note that even though the red-blue and green-blue pairs do not condense, their pairing fluctuations do exist. For weak attraction, the pairing fluctuation effects on the single-particle excitations can be safely neglected and the BCS-like mean-field description is applicable. In this paper, we are interested in the strongly interacting systems, where the pairing fluctuation effects become significant. Two systems will be considered: (i) a resonantly interacting three-component Fermi gas and (ii) a two-flavor quark color superconductor at quark chemical potential µ ∼ 400MeV.
The beyond-mean-field approach for the study of the pairing fluctuation effects adopted in this paper is a generalization of the T -matrix theory for two-component (spin-1 2 ) fermionic systems [14] to three-component systems and is also a generalization of the T -matrix theory for heated quark matter [13] to the low temperature domain. We will focus on the pairing fluctuation effects on the unpaired fermions in the color superfluids/superconductors, which is absent in the two-component systems. The paper is organized as follows. In Sec. II, we study the pairing fluctuation effects in atomic color superfluids, which may be realized in three-component atomic Fermi gases. In Sec. III, the pairing fluctuation effects in two-flavor color superconductors will be discussed. We summarize in Sec. IV. The natural units c = = k B = 1 will be used throughout the paper. 
II. COLOR SUPERFLUIDITY IN ATOMIC FERMI GASES
In this section we study the pairing fluctuation effects in an atomic color superfluid [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] , a cold atom analogue of color superconductivity in dense QCD [31] . We consider a dilute Fermi gas composed of three species of fermions with a common mass m. Such a system can be realized in cold atom experiments by trapping the lowest three hyperfine states of the 6 Li or 40 K atoms in the atomic trap [22] . We assume that there exist short-range attractive interactions among difference species. The attraction strength can be tuned from weak to strong by means of the Feshbach resonance. In the dilute limit, the attractive interactions can be modeled by contact interactions. The Hamiltonian density of the system is given by
where µ 1 , µ 2 , and µ 3 are the chemical potentials for the three species, and g 12 , g 23 , g 13 are the contact interactions among them.
In the following, we assume that the total particle number is fixed and the chemical potentials become equal, µ 1 = µ 2 = µ 3 = µ. Further, we assume that the three coupling constants also equal each other, g 12 = g 13 = g 23 = g. Then the Hamiltonian (1) has a global SU(3) symmetry. To show this explicitly, we define a three-component fermion field ψ ≡ (ψ 1 , ψ 2 , ψ 3 )
T . Then the Hamiltonian density (1) can be expressed as [26] 
where λ a are the Gell-Mann matrices in the "color space" spanned by the three fermion species. The contact coupling constant g can be renormalized by introducing the s-wave scattering length a s of the short-range potential via the equation
Here ǫ k = k 2 /(2m) is the free dispersion of the fermions, and the integral over the momentum k is associated with a cutoff Λ. We can set Λ → ∞ in the physical equations since all UV divergences are removed by Eq. (3). In general, by tuning the scattering length from small to large negative values, we can realize an evolution from a weakly coupled BCS-like color superfluid to a strongly coupled color superfluid.
A. BCS mean-field theory
Because of the attractive interactions among the unlike colors, at low temperature the system is in a color superfluid phase. Different to the two-component (spin- 1 2 ) fermionic systems where the superfluidity is characterized by a singlecomponent order parameter ∆ ∼ ψ ↑ ψ ↓ , the color superfluidity in the present three-component Fermi gas is characterized by a three-component order parameter ∆ = (∆ 1 , ∆ 2 , ∆ 3 ), where
Since the Hamiltonian (2) has an exact SU(3) symmetry, we can show that the effective potential V(∆) depends only on the combination [26] 
Therefore, different pairing configurations are physically equivalent and we can choose a specific gauge ∆ 1 = ∆ 0, ∆ 2 = ∆ 3 = 0 without loss of generality. In this gauge, only the red and green fermions participate in the pairing and the red-blue pairs condense, leaving the blue fermions unpaired. For a general gauge where all three components are nonzero, the unpaired branch is a linear combination of the three colors. Because of the SU(3) symmetry of the Hamiltonian, different choices of the order parameter lead to the same physical results. For convenience, we use the gauge ∆ = (∆, 0, 0) in the following.
Before going on, we should mention that the BCS-BEC crossover in the present three-component Fermi gases is somewhat different from the two-component systems due to the possibility of the appearance of a trionic phase, which is a Fermi-liquid state of three-fermion bound states [25, 32] . Based on an attractive Fermi Hubbard model, it was shown that there exists a quantum phase transition from the color superfluid phase to the trionic phase when the attraction strength exceeds a critical value [25] . On the other hand, it was shown that large three-body losses in three-component Fermi gases confined in optical lattices can stabilize the color superfluid phase by suppressing the formation of trions [29] . Therefore, in this paper we neglect the possibility of the trionic phase and consider the color superfluid phase only. Now we turn to the general formalism. It is convenient to work with the Nambu-Gor'kov basis ψ NG = (ψ, ψ * ) T . In the Nambu-Gor'kov representation, the fermion self-energy Σ(K) and the dressed fermion propagator S(K) are 2 × 2 matrices. They satisfy Dyson's equation
Here and in the following, K = (iω n , k) with ω n = (2n + 1)πT (n integer) being the fermionic Matsubara frequency, and ξ k = ǫ k − µ. From the Green's function relation we have the gap equation
and the number equation
Here and in the following the notation K = T n k with 3 is used. In the BCS mean-field theory, the fermion self-energy is chosen as
and hence is momentum independent. Here we have set ∆ to be real without loss of generality. Then the dressed fermion propagator S(K) can be evaluated as
Here we have defined two matrices, λ rg = diag (1, 1, 0) and λ b = diag(0, 0, 1), in the color space. The Green's functions G ∆ (K), F ∆ (K) and G 0 (K) are analytically given by
where E k = ξ 2 k + ∆ 2 is the BCS-like dispersion. In the above BCS mean-field description, it is clear that the paired colors possess BCS-like dispersions and obtain an excitation gap ∆, while the unpaired color has a free dispersion and remains gapless (for µ > 0). The physical value of the pairing gap ∆ is determined by the BCS gap equation
where f (E) = 1/(e E/T + 1) is the Fermi-Dirac distribution. However, we note that there exists a serious problem for the naive BCS mean-field approach. If we consider another system with the couplings, g 12 = g and g 13 = g 23 = 0, i.e., the blue color is really free, we find no difference in comparison with the present system with g 12 = g 13 = g 23 = g. Therefore, the pairing fluctuation effects are likely significant in the color superfluid, especially when the attractive coupling g is not weak.
B. Fermion self-energy beyond BCS
Now we take into account the pairing fluctuations and study their effects on the single-particle excitation spectra. To this end, we first construct the particle-particle ladder D(Q) or the "pair propagator," which is diagrammatically represented in Fig. 2(a) . In the color superfluid phase it is a 2 × 2 matrix,
where χ(Q) is the pair susceptibility. Note that the matrix elements of D(Q) and χ(Q) are also matrices in an adjoint space of the SU (3) group spanned by the indices a,b = 2, 5, 7. The explicit form of the pair susceptibility χ(Q) is given by
Here and in the following, Q = (iν n , q) with ω n = 2nπT (n integer) being the bosonic Matsubara frequency. The fermion self-energy beyond the BCS approximation (9) can be considered by taken into account the self-energy Σ L (K) shown in Fig.  2 (b). Now the full fermion self-energy in our consideration is given by
where
We note that for two-component systems, the above T -matrix approach is the same as that developed in [14] . Above the superfluid transition temperature, it also recovers the T -matrix approach adopted in [20] .
The diagrammatic representation of the particle-particle ladder D(Q) and the self-energy Σ L (K). The dashed lines denote the coupling constant g.
In general, the above equations together with the gap and number equations (7) and (8) form a closed set of integral equations for the superfluid order parameter ∆, the chemical potential µ, and the dressed fermion propagator S(K). However, to keep the Goldstone's theorem and recover the correct pair excitation spectrum at strong coupling, we adopt the following prescriptions suggested in [14] : (i) In evaluating the pair susceptibility χ(Q) and the self-energy Σ L (K), we use the the fermion propagator S(K) of its BCS mean-field form (10); (ii) the off-diagonal fermion propagator S 12 (K) in the gap equation (7) is also replaced by its BCS mean-field form, while in the number equation (8) we take into account the pairing fluctuation effects on the diagonal fermion propagator S 11 (K). Therefore, the gap equation (7) for the superfluid order parameter ∆ still takes its BCS form (12) , which ensures a gapless pair excitation spectrum, i.e., the Goldstone's theorem. The beyond-mean-field corrections for the pairing gap ∆ and chemical potential µ are reflected in the full number equation (8) . The pairing fluctuation effects on the single-particle excitation spectra are included in the self-energy Σ L (K). After some simple matrix algebras, we find that the pair susceptibility χ(Q) and the particle-particle ladder D(Q) are both diagonal in the adjoint space, i.e.,
For the a = 2 sector which represents the red-green pairing, the pair susceptibility χ 2 (Q) can be evaluated as
The corresponding particle-particle ladder D 2 (Q) reads
Using the BCS gap equation (12), we can show that
Therefore, the pair excitation from the a = 2 sector is gapless, corresponding to one broken generator λ rg . We note that this Goldstone mode is essentially the same as the Anderson-Bogoliubov mode in the conventional twocomponent fermionic superfluids [35] . It possesses a linear dispersion ω(q) ∝ |q| in the low momentum and frequency limit. In the strong coupling limit, it recovers the Bogoliubov excitation spectrum for a weakly interacting Bose gas [14, 35] . The sectors a = 5 and a = 7 represent the red-blue and green-blue pairings, respectively. They are degenerate, corresponding to the residual SU(2) symmetry group. Since these pairs do not condense according to our order parameter gauge, the off-diagonal components vanish. We have
The nonvanishing diagonal component of the pair susceptibility can be evaluated as
The particle-particle ladder is also diagonal and is given by
Using the BCS gap equation (12), we find that
which indicates some additional Goldstone modes corresponding to the broken generators λ 4 , λ 5 , λ 6 , λ 7 of the SU(3) group [26] . They possess a quadratic dispersion ω(q) ∼ q 2 at low momentum and frequency due to the asymmetry between the paired and unpaired colors [26] .
Using the above matrix structure of the particle-particle ladder D(Q), we find that the diagonal component of the selfenergy Σ L 11 (K) takes the form
where Σ rg (K) and Σ b (K) correspond to the beyond-BCS selfenergies for the paired and unpaired colors, respectively. Their explicit forms are given by
These results manifest the schematic plot in Fig. 1 : Each color couples to the other two colors via the corresponding particleparticle ladders.
We can neglect this off-diagonal contribution since it is generally much smaller than the BCS self-energy Σ BCS [14] . However, this approximation has no effect on the spectrum of the unpaired color we are interested in in the following.
It is worth comparing the self-energy Σ rg (K) with that in the two-component (spin- 1 2 ) system. In the two-component system, the self-energy Σ rg (K) reads [14] 
The additional contribution
is absent in two-component systems. On the other hand, in the normal phase T ≥ T c , the SU(3) symmetry is restored and the three color becomes degenerate. For the three-component system we have
where D 0 (Q) is the common particle-particle ladder in the normal state with ∆ = 0. However, for the two-component system, the self-energy in the normal phase is [14, 20] 
Therefore, the self-energy induced by the pairing fluctuation effects in the normal phase is enhanced by a factor of 2 in comparison with the two-component system.
C. Fermion spectral density
To study the pairing fluctuation effects on the fermionic excitations, we investigate the single-particle spectral density function A(ω, k). It can be obtained from the dressed fermion Green's function S 11 (K). Ensured by the residual SU(2) symmetry, the paired and unpaired colors decouple even though the pairing fluctuation effects are taken into account. We have where G rg (K) and G b (K) are the dressed propagators for the paired and unpaired colors, which can be expressed as
respectively. We emphasize that the expression for G b (iω n , k) holds even though the off-diagonal self-energy Σ L 12 (K) is taken into account. In the BCS mean-field approximation the pairing fluctuation effects are absent and we have
The spectral functions A α (ω, k) for the paired and unpaired colors are defined as
Here and in the following, the retarded Green's functions are denoted by the subscript R, i.e., X R (ω) ≡ X(ω + iǫ) where ǫ = 0 + . In the BCS mean-field approximation we have
and
Here u
are the BCS distribution functions. Since the paired colors obtain a large pairing gap ∼ ∆ at strong coupling, their spectral density function A rg (ω, k) remains gaplike even though the pairing fluctuation effects are taken into account. While there exists an additional contribution in the self-energy Σ rg (K) which is absent in the two-component systems, we expect that the qualitative feature of the spectral density A rg (ω, k) is similar to the results for the two-component systems [14] . In general, pairing fluctuation and temperature effects lead to broadening of the gaplike peaks.
In the following, we will focus on the spectrum of the unpaired blue color, which is unique in the present threecomponent Fermi system. It is interesting to study how the pairing fluctuation effects influence the spectrum of the unpaired color which takes a free dispersion in the naive BCS mean-field description. The spectral density function A b (ω, k) can be expressed as
The real and imaginary parts of the retarded self-energy 
The imaginary part is explicitly given by
where (40) where the pair susceptibility χ 5 11 (ω, q) reads
Now we turn to the numerical results for the spectral density A b (ω, k). The system is characterized by a single dimensionless coupling parameter 1/(k F a s ) where k F is defined via the total density as n = k 3 F /(2π 2 ). To achieve strong coupling, we consider the resonant interaction with a s → ∞ (1/a s = 0). In this case, all quantities can be expressed via two parameters: the chemical potential µ and the effective Fermi momentum k µ = 2mµ. This also simplifies the numerical procedures. In this case, we do not need to solve the number equation (8) to obtain the chemical potential µ in units of the Fermi energy
The order parameter ∆ in units of µ as a function of T/µ is solved from the BCS gap equation (12) . Then we can calculate the spectral density A b (ω, k) in units of 1/µ through the Eqs. (37), (38) , and (39) .
The numerical results of the spectral density A b (ω) for fermion momentum k = k µ are shown in Fig. 3 . At very low temperature T → 0, we find that there exists a very sharp Fermi-liquid peak around ω = 0. The spectral weight of the continuum part is very small. Therefore, the Fermi-liquid picture of the unpaired color remains valid even though the pairing fluctuation effects are taken into account. This can be understood by the behavior of the imaginary part of the self-energy Σ R b (ω) shown in Fig. 4 . Because of the formation of a large pairing gap ∆ for the paired colors, the imaginary part vanishes in a wide regime around ω = 0, which can be seen from the properties of the Fermi-Dirac and Bose- However, as the temperature is increased, the pairing gap ∆ is reduced and the contribution from the imaginary part of the self-energy Σ R b (ω) becomes more and more important. When the temperature is high enough but below the critical one T c , the imaginary part ImΣ R b (ω) has two main effects: (i) It becomes finite in the regime around ω = 0 and hence the Fermi-liquid peak broadens; (ii) it has two sharp minima which breach the Fermi-liquid peak and the other two gaplike peaks. Physically, the imaginary part of the self-energy Σ b corresponds to the decay processes of the fermions of the blue color [13] . According to the Feynman diagram for the T -matrix approximation shown in Fig. 2 , the decay process of the blue fermion can be described as b → h + (fb) where b denotes the blue fermion, f denotes the quasifermion which is a mixture of red and green colors, h is the hole excitation corresponding to the quasifermion, and (fb) is the collective mode with propagator D 5,7 11 . Since the quasifermion f is fully gapped, at zero temperature the decay process is strictly suppressed around ω = 0. As the temperature increases, the imaginary part of the self-energy becomes nonzero but is still suppressed by the pairing gap around ω = 0. On the other hand, the imaginary part of the self-energy should vanish for ω → ±∞. Therefore, for T < T c , there arises two sharp peaks for the imaginary part of the self-energy at finite frequency. The decay process of the blue fermion is most enhanced at these peak frequencies.
As the temperature increases, the spectral weight of the Fermi-liquid peak becomes smaller and smaller and two gaplike peaks appear around the Fermi-liquid peak. These two gaplike peaks can be referred to as the "pseudogap peaks", since they are induced by the pairing fluctuation effects rather than the pairing gap or superfluid order parameter ∆. When the temperature reaches T c , the imaginary part ImΣ R b (ω) undergoes a characteristic change: The two sharp minima combine to a smooth minimum at ω = 0. Therefore, the Fermiliquid peak disappears completely at T = T c and only the two pseudogap peaks remain. Note that at T = T c the SU(3) symmetry is restored and therefore the spectral density shown in Fig. 3 is also true for the red and green colors. This indicates that there exists a pseudogap phase at T > T c , similar to that observed in two-component systems [18] [19] [20] .
The above discussions show clearly how the Fermi-liquid behavior of the unpaired color at low temperature evolves to the pseudogap behavior at and above T c due to the pairing fluctuation effects. In a wide temperature regime below T c , we find that the Fermi-liquid peak and the pseudogap peaks coexist. It is intuitive to understand this coexistence through a naive approximation for the fermion self-energy employed in the pseudogap theory of the BCS-BEC crossover [12, 36] . Since the pair propagator D 5 11 (Q) is peaked around Q = 0, we can approximate the fermion self-energy Σ b (K) as
where the pseudogap energy ∆ pg is defined as
Under this approximation, the propagator G b (K) can be analytically evaluated as
Therefore, for k = k µ , the spectral density A b (ω) reads
While the broadening effects of the peaks are neglected in this naive approximation, this analytical expression clearly shows a three-peak structure. The spectral weights of the Fermiliquid peak and the pseudogap peaks are given by
Further, the pseudogap energy can be expressed as
As a result of the Bose-Einstein distribution function b(ω), we find that ∆ pg → 0 for T → 0. In general, the pseudogap energy increases with the increased temperature. Therefore, from Eq. (46), we see clearly that the spectral weight of the pseudogap peak can be neglected at low temperature and the Fermi-liquid peak disappears at T = T c where ∆ vanishes. So far we have only studied the spectral properties of the blue fermion at the "Fermi surface" k = k µ . It is instructive to show the spectral density for momenta k away from k = k µ . The results for the spectral density A b (ω, k) at different momenta k k µ are shown in Fig. 6 . For this resonantly interacting Fermi system, we find that the qualitative feature discussed above remains for momenta k around k = k µ . The change is that the pseudogap peaks become more asymmetric as the momenta goes away from k = k µ .
Finally, we present a brief discussion about the case that the SU(3) symmetry is explicitly broken. Let us consider the case that the attractions among the three colors are not equal, i.e., g 13 = g 23 = g ′ < g 12 = g. In this case, the pairing of red and green color is favored. Since the pair excitations corresponding to the particle-particle ladders D 5 (Q) and D 7 (Q) (they are still degenerate since g 13 = g 23 ) are no longer gapless, the pairing fluctuation effects become weaker and weaker as the coupling strength g ′ decreases. For g ′ → 0, the particleparticle ladders D 5 (Q) and D 7 (Q) vanish and hence the pairing fluctuation induced self-energy Σ b (Q) vanishes. In this case, the Fermi-liquid behavior persists at any temperature, as we expect.
III. COLOR SUPERCONDUCTIVITY IN TWO-FLAVOR QUARK MATTER
In this section we study quark color superconductors. The perturbative-QCD calculation for color superconductivity [4, 5] is applicable for quark chemical potentials µ ≫ Λ QCD . However, here we are interested in the moderate density regime of quark matter where the quark chemical potential µ ∼ 400MeV, and the perturbative approach is not applicable. Therefore, we adopt a phenomenological four-fermion interaction model of QCD [2, 3] . Moreover, since the strange quark degree of freedom is not activated at µ ∼ 400MeV, we consider only the two light quark flavors (u and d). The Lagrangian density of our four-fermion interaction model is given by
where the interaction part is modeled by a QCD-motivated contact current-current interaction
Here q denotes the quark field containing two flavors and three colors, and G c is a phenomenological coupling constant which should be, in principle, determined by the vacuum phenomenology of QCD. In real QCD, the ultraviolet modes decouple because of asymptotic freedom, but in the present fourfermion interaction model we have to add this feature by hand, through a UV momentum cutoff Λ in the quark momentum integrals. The model therefore has two parameters: the coupling constant G c and the three momentum cutoff Λ.
A. BCS mean-field theory
The contact current-current interaction (49) includes all mesonlike and diquarklike interaction channels, which can be obtained via the Fierz transformation. Since we are interested in the temperature regime T ∼ O(10MeV), it is sufficient to consider only the J P = 0 + diquark pairing channel. The pairing gap and critical temperature of other diquark pairing channels are much smaller than that of the J P = 0 + pairing channel [38] . Therefore, we have
where C = iγ 0 γ 2 is the charge conjugate matrix and τ i (i = 1, 2, 3) are the Pauli matrices in the flavor space. The new coupling constant G > 0 denotes the attraction in the J P = 0 + diquark pairing channel. Because of the attraction among the unlike colors, at low temperature the quark matter is a color superconductor. This is due to the fact that some gluons obtain Meissner masses (color Meissner effect) through the Anderson-Higgs mechanism [39] . The color superconductivity in the two-flavor quark matter is also characterized by a three-component order parameter ∆ = (∆ 1 , ∆ 2 , ∆ 3 ), where
Because of the color SU(3) symmetry of the QCD Lagrangian (and hence the QCD-motivated model), the effective potential V(∆) depends only on the combination
Therefore, like the atomic color superfluidity, we can choose a specific gauge ∆ 1 = ∆ 0, ∆ 2 = ∆ 3 = 0 without loss of generality. In this gauge, only the red and green quarks participate in the pairing and the red-green diquark pairs condense, leaving the blue quarks unpaired. In the following calculations we will adopt this gauge.
The Nambu-Gor'kov basis for the present case can be defined as Ψ = (q, Cq T ) T . In the Nambu-Gor'kov representation, the quark self-energy Σ(K) and the dressed quark propagator satisfy Dyson's equation
. (52) Again, from the Green's function relation we obtain the gap equation
and the baryon number density
In the BCS mean-field theory, the quark self-energy is chosen as
Again, we set ∆ to be real without loss of generality. In the BCS approximation, the dressed quark propagator can be explicitly evaluated as
where τ 0 is the identity matrix in the flavor space. Here the Green's functions G ∆ (K), F ∆ (K), and G 0 (K) are given by
) are the energy projection operators for massless Dirac fermions. The physical value of the pairing gap ∆ is determined by the BCS gap equation
The new feature here is the presence of antiquark excitations in this relativistic quark system. They generally have an excitation gap ≥ µ. At high density and low temperature, they are therefore irrelevant degrees of freedom. Regardless of these antiparticle excitations, we find similar conclusion in comparison with the atomic color superfluidity: The paired quarks obtain an excitation gap ∆, while the unpaired blue quarks are gapless and possess a free dispersion in the BCS mean-field description. Therefore, the same problem we addressed in Sec. II also appears in the present color superconductor.
B. Quark self-energy beyond BCS
The following considerations are highly parallel to the studies in Sec. II. To establish the quark self-energy beyond the BCS mean-field approximation, we first construct the particleparticle ladder or the "diquark propagator" D(Q). In the color superconducting phase, it takes the same form as (13), 
The diquark pair susceptibility χ(Q) here is given by
Note that the trace here should be taken simultaneously in the color, flavor, and the Dirac spin space. With the diquark propagator D(Q), the full quark self-energy is given by
where the beyond-mean-field contribution
Because of the same reason we addressed in Sec. II, we use the quark propagator of its BCS form S BCS (K) in evaluating the pair susceptibility χ(Q) and the self-energy Σ L (K). The pairing gap ∆ is determined by the BCS gap equation (58) and the Goldstone's theorem holds.
Because of the same symmetry structure as the atomic system in Sec. II, we find again that χ(Q) and D(Q) are diagonal in the adjoint space, i.e., χ 
The a = 5 and a = 7 sectors are degenerate due to the residue SU(2) symmetry group, and χ 
for a = 5, 7. Using the BCS gap equation (58), we find that D a (Q) diverges at Q = 0 for a = 2, 5, 7, corresponding to the spontaneous breaking of the color SU(3) symmetry [37] . Then the diagonal component of the self-energy Σ L (K) can be evaluated as
where Σ rg (K) and Σ b (K) correspond to the self-energies for paired and unpaired colors, respectively. They take the same form as Eq. (26), i.e.,
The off-diagonal component reads
Above the critical temperature, T ≥ T c , the off-diagonal component Σ L 12 (K) vanishes and the self-energies for paired and unpaired colors become degenerate, i.e., Σ rg (K) = Σ b (K). This reflects the fact that the color SU(3) symmetry gets restored above the transition temperature. We have Σ L 11 (K) = Σ 0 (K)τ 0 λ 0 , where λ 0 is the identity matrix in the color space and
Here
11 (Q) is the common diquark propagator in the normal phase. The above choice of the quark self-energy Σ 0 (K) is identical to that adopted by Kitazawa, Koide, Kunihiro, and Nemoto [13] in studying the precursor and pseudogap phenomena of color superconductivity. Therefore, our T -matrix approximation for the color superconducting phase is really a generalization of the T -matrix approach for T > T c used in [13] .
C. Spectral density of blue quarks
The dressed quark propagator S 11 (K) including the pairing fluctuation effects can be expressed as
where G is defined as
where the retarded Green's function
To obtain the explicit form of A b (ω, k), we note that the retarded self-energy Σ R b (ω, k) has the following Dirac matrix structure
due to the fact that the quarks are massless. The imaginary part of the self-energy can be evaluated as
where the functions H ± (k, q) are defined as
The imaginary part of D where the functions J 1 (k, q) and J 2 (k, q) are defined as
At the quark chemical potential µ ∼ 400MeV, the antiquark degree of freedom is much less important than the quark degree of freedom. Therefor we decompose the self-energy Σ R b (ω, k) as
Here the minus and plus signs correspond to quark and antiquark degrees of freedom, respectively. The self-energies
Using these results, the total spectral density A b (ω, k) can be expressed as a sum of the spectral densities for quark and antiquark,
In the following, we focus on the spectral density A − b (ω, k) for quark excitation.
In the numerical calculations, we fix the coupling constant G by using the zero temperature pairing gap ∆ 0 through the BCS gap equation (58). The momentum cutoff Λ is chosen as Λ = 650 MeV. It is generally thought that the pairing gap ∆ at µ = 400 MeV is of order of 100 MeV [2, 3] . Therefore, the ratio ∆/µ reaches the order O(10 −1 ), which is likely in the strong coupling regime.
In Fig. 7 and Fig. 8 , we show the numerical results for the spectral density A at quark chemical potential µ = 400MeV. The zero temperature gaps are set to be 100 MeV and 150 MeV in Fig. 7 and Fig. 8 , respectively. They corresponds to the values of the coupling constant G/4 = 3.59GeV −2 and G/4 = 4.39GeV −2 , respectively. The qualitative behavior of the self-energy and the spectral density are very similar to those for atomic color superfluidity. At low temperature, the Fermi liquid behavior of the blue quark persists and spectral weight of the continuum part induced the pairing fluctuations is rather small. As the temperature becomes high enough, this continuum part becomes two visible gaplike peaks, or the so-called pesudogap peaks, which coexist with the broadened Fermi-liquid peak. At and above the critical temperature T c , the Fermi-liquid peak disappears completely and the spectral density shows purely pseudogap behavior. The understanding of the decay process of the unpaired blue fermion presented in Sec. II remains valid for the unpaired blue quark. On the other hand, for weak coupling or small ∆ 0 , the pairing fluctuation effects are rather weak and the Fermi-liquid behavior persists for arbitrary temperature, as we expected.
The naive analytical argument by using the approximation like Eq. (42) in Sec. II also applies to the present ultrarelativistic quark system. Therefore, the coexistence of the Fermiliquid behavior and the pseudogap behavior is quite generic for both atomic color superfluid studied in Sec. II and the quark color superconductor studied in this section.
The spectral density of the blue quark for momenta away from the Fermi surface k = µ is shown in Fig. 9 and Fig.  10 . We find that the situation here is quite different from the case of atomic color superfluid with resonant interaction. For quark momenta away from the Fermi surface, we find that the spectral density generally shows a single-peak structure. Only for stronger couplings it shows a two-peak structure for some special momentum and temperature. The observation here is similar to the result for T > T c [13] , where it was found that the suppression of the spectral weight of the Fermi-liquid peak is most pronounced at the Fermi surface k = µ. This means the attractive strength in this quark system is much weaker than the coupling strength in resonant Fermi gases. Therefore, for two-flavor color superconducting quark matter at moderate density (µ ∼ 400 MeV), the pairing fluctuation effects are only pronounced near the Fermi surface.
In Fig. 11 , we show the numerical results of the spectral density A − b (ω) at k = µ above the critical temperature T c . For T > T c , the color SU(3) symmetry is restored and hence the results valid for all three colors. We find that the pseudogap behavior at the Fermi surface k = µ persists up to the temperature T ∼ (2 − 3)T c for ∆ 0 ∼ 100MeV and µ = 400MeV. Since we consider here only the spectral density for quarks, the sum rule dωA − b (ω, k) = 1 does not hold. Instead, we have dωA b (ω, k) = 1. As the temperature increases, the two peaks become more asymmetric and their spectral weights become smaller, that is, the spectral density for antiquarks should be important at high temperatures. For T ≫ T c , the double-peak structure should disappear, as we expect. However, the validity of the four-fermion interaction model becomes questionable for T ≫ T c . Note that the quark spectral function and the pesudogap behavior have been studied by Kitazawa, Koide, Kunihiro, and Nemoto [13] . The two-peak structure of the quark spectral function shown here agrees with their results. The quantitative difference is due to the fact that we have used a different scheme to evaluate the quantities Imχ 5R 11 (ω, q) and Reχ 5R 11 (ω, q). In [13] , since the case T > T c was focused, the imaginary part Imχ 5R 11 (ω, q) was analytically carried out and the real part Reχ 5R 11 (ω, q) was obtained by the dispersion relation with a cutoff associated with the frequency ω. In this work, we consider mainly the case T < T c , the imaginary part Imχ 5R 11 (ω, q) cannot be carried out analytically. Therefore, we have to evaluate the imaginary and real parts of χ 5R 11 (ω, q) numerically. The cutoff Λ is always associated with the integration over the quark momentum k.
We have only studied the ideal case that the u and d quarks have a common chemical potential. For dense quark matter that may exists in the core of compact stars, the u and d quarks possess different chemical potentials due to the charge neutrality and beta equilibrium constraints. The presence of a chemical potential imbalance will generally suppress the pairing fluctuation effects. Therefore, the pairing fluctuation effects become less important if the charge neutrality and beta equilibrium constraints are imposed. Further, it is generally believed that the dense quark matter under compact star constraints should be in some exotic phases such as the LarkinOvhinnikov-Fulde-Ferrell phase [40, 41] . Since the temperature in compact stars is much smaller than the critical temperature here, which is of order 50 MeV, our studies here are likely irrelevant to the dense quark matter in compact stars. However, our study may be relevant to the systems where the charge neutrality and beta equilibrium constraints are not important, such as the hot and dense matter created in supernova explosions and heavy ion collisions (such as GSI-FAIR). For T > T c , it was found that the dilepton production rate at low energy would be enhanced due to the pairing fluctuation effects [42] . It will be interesting to explore in the future the phenomenological consequences of the pairing fluctuation effects, especially for the color superconducting phase studied in this paper.
IV. SUMMARY
In summary, we have investigated the pairing fluctuation effects in atomic color superfluids and two-flavor quark superconductors. The common feature of these systems is that the pairing occurs among three colors of fermions. Because of the SU(3) symmetry of the Hamiltonian, one color does not participate in pairing, which is unique in the three-color systems. This branch of fermionic excitation is gapless in the naive BCS mean-field description. In this paper, we have generalized the pairing fluctuation theory for color superfluidity/superconductivity to the low temperature domain (below the critical temperature). Especially, the theory has been used to study how the pairing fluctuation effects influence the excitation spectrum of the unpaired color in these systems. The main conclusions can be summarized as follows: (i) At low temperature, the Fermi-liquid behavior of the unpaired color persists even though the pairing fluctuations are taken into account. The reason is that, at low temperature, a large pairing gap for the paired colors forms which suppresses the pairing fluctuation effects for the unpaired color.
(ii) As the temperature is increased, the continuum part of the spectral density, of which the spectral weight is rather small at low temperature, evolves to two pseudogap peaks. Meanwhile, the Fermi-liquid broadens and its spectral weight gets suppressed. At and above the critical temperature, the Fermi-liquid peak disappears completely and the all three colors exhibit pseudogap-like spectra. (iii) The coexistence of Fermi-liquid behavior and pseudogap behavior is generic for both atomic color superfluids and quark color superconductors. The reason is likely due to the same symmetry structures of these systems.
